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We derive two relations involving spin polarizabilities of a spin-1/2 particle and consider their empirical
implications for the proton. Using the empirical values of the proton anomalous magnetic moment, electric and
magnetic charge radii, moments of the spin structure functions g1, g2, and of two spin polarizabilities, the present
relations constrain the low-momentum behavior of generalized polarizabilities appearing in virtual Compton
scattering. In the case of the proton, the dispersive model evaluations of the spin and generalized polarizabilities
appear to be consistent with these relations. The ongoing measurements of different electromagnetic observables
at the MAMI, Jefferson Lab, and HIγS facilities may be able to put these relations to a test, or use them to unravel
the low-energy spin structure of the nucleon.
Light absorption and scattering are long-known to be re-
lated — the Kramers–Kronig relation [1] and Baldin sum
rule [2] providing the celebrated examples. When the tar-
get particle (absorber/scatterer) has spin, the polarization of
both the photon and the target may become involved, leading
to the celebrated Gerasimov–Drell–Hearn (GDH) sum rule
[3, 4] and a lesser-known sum rule for the forward spin polar-
izability γ0 [5]. These sum rules are derived from the general
properties of analyticity, unitarity, Lorentz and gauge sym-
metries of the forward Compton scattering (CS) amplitude.
An extension to forward doubly-virtual Compton scattering
(VVCS), γ∗p → γ∗p, allows one to relate the momentum
transfer (Q2) dependencies of the absorption and elastic scat-
tering processes [6, 7], as well as to introduce longitudinal
polarizabilities, such as δLT [8–10], which have been the sub-
ject of dedicated experimental activities at the Jefferson Lab,
see [11, 12] for reviews. These relations play an instrumen-
tal role in the studies of nucleon structure, where they pro-
vide model-independent constraints for the determination of
the various nucleon polarizabilities, see [9] for a review.
Until now the generalized polarizabilities (GPs) [13, 14] ap-
pearing in the single virtual Compton scattering (VCS) pro-
cess, γ∗p → γp, were escaping these constraints, mainly be-
cause the apparent crossing asymmetry of this process pre-
cludes any relation of the absorptive part of the VCS ampli-
tude to an absorption cross section. The purpose of this letter
is to show how an extension of the GDH sum rule to finite
Q may involve these GPs measured in the low-energy VCS
process.
We present first such sum rules, valid for a spin-1/2 target,
cf. Eq. (3) below. They involve two of the GPs: P (L1,L1)1 and
P (M1,M1)1, where the superscript indicates the multipolari-
ties - L1(M1) denoting electric (magnetic) dipole transitions
respectively - of the initial and final photons. Furthermore,
the superscript “1” denotes that these GPs represent two of
the four lowest order spin-dependent GPs, involving a spin
flip of the nucleon target corresponding to a change of angu-
lar momentum by one unit. These GPs, accessed in the VCS
process, are functions of the initial photon c.m. 3-momentum
squared ~q 2, see [13, 14] for details.
The particular GP combinations entering the new sum rules
are given by:
P ′ (L1,L1)1(0)± P ′ (M1,M1)1(0) ≡
d
d~q 2
[
P (L1,L1)1(~q 2)± P (M1,M1)1(~q 2)
]
~q 2=0
. (1)
The other properties of the target involved in the sum rules
are: the massM , anomalous magnetic moment κ, the squared
Pauli radius 〈r22〉, two of the four lowest-order spin polariz-
abilities γE1M2, γE1E1 measured via the real CS process, and
two of the quantities from VVCS: the slope of the GDH in-
tegral I1 and the polarizability δLT . The latter two quantities
can be defined in terms of the inelastic spin structure functions
g1,2(x,Q
2):
I1(Q
2) =
2M2
Q2
ˆ x0
0
dx g1(x,Q
2) , (2a)
δLT (Q
2) =
16αM2
Q6
ˆ x0
0
dxx2[g1 + g2](x,Q
2). (2b)
with x the Bjorken variable, and x0 indicating the inelastic
threshold; α ' 1/137 is the fine-structure constant. With
these definitions, the sum rules read:
αI ′1(0) =
1
12
ακ2〈r22〉+ 12M2γE1M2 − 32αM3
[
P ′(M1,M1)1(0) + P ′(L1,L1)1(0)
]
, (3a)
δLT (0) = −γE1E1 + 3αM
[
P ′(M1,M1)1(0)− P ′(L1,L1)1(0)]. (3b)
The integrals on the lhs, which sum over the excitation spec-
trum, justify us calling these relations ‘sum rules’. Note that
every quantity in each of these relations is observed in a dif-
ferent process: e.g., the electromagnetic radius and I1 — in
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2respectively the elastic and inelastic electron scattering, while
the spin polarizabilities and the GPs — in respectively the
RCS and VCS processes. All of these quantities for the nu-
cleon case, besides κ which is well known, are currently stud-
ied experimentally at electromagnetic beam facilities such as
MAMI, Jefferson Lab, and HIγS, see e.g. Ref. [15] and refer-
ences therein. The sum rules will provide model-independent
relations among the experiments that explore the low-energy
spin structure of the nucleon. Before examining the implica-
tions of these sum rules any further, we briefly explain how
they arise.
Consider the forward VVCS process on a spin-1/2 particle
(hereby, the nucleon): γ∗(q)+N(p)→ γ∗(q)+N(p), which
is described by two kinematical variables: the photon virtu-
ality q2 ≡ −Q2, and the energy invariant ν ≡ p · q/M or
the Bjorken variable x = Q2/(2Mν). The tensor structure
of the corresponding scattering amplitude is well-known to
decompose into four scalar amplitudes, two of which are in-
dependent of the nucleon spin, and two spin-dependent [9].
The spin-dependent tensor structure reads:
Mµνspin(ν,Q
2) =
i
M
µναβ qαsβ S1(ν,Q
2)
+
i
M3
µναβ qα(p · q sβ − s · q pβ)S2(ν,Q2), (4)
where ν, µ are the four-vector indicies of the incoming and
outgoing photon, sα is the nucleon covariant spin vector sat-
isfying s · p = 0, s2 = −1, and S1, S2 are the spin-dependent
VVCS amplitudes; 0123 = +1. The optical theorem re-
lates the imaginary parts of these amplitudes to the conven-
tionally defined spin structure functions g1 and g2 of inclu-
sive electron-nucleon scattering as: ImS1 = (piα/ν) g1,
ImS2 = (piαM/ν
2) g2. Combining it with analyticity and
crossing symmetry one can infer the following dispersion re-
lations (DRs),
ReS1(ν,Q
2) = Spole1 (ν,Q
2)
+ 2α
 ∞
ν0
dν′
1
ν′ 2 − ν2 g1(x
′, Q2), (5)
ν ReS2(ν,Q
2) = νSpole2 (ν,Q
2)
+ 2Mα
 ∞
ν0
dν′
1
ν′ 2 − ν2 g2(x
′, Q2),(6)
with the first term on the rhs given by the nucleon pole contri-
bution:
Spole1 (ν,Q
2) = − α
2M
Q2
ν2 − ν2B
FD(Q
2)GM (Q
2),(7a)
νSpole2 (ν,Q
2) =
α
2
ν2B
ν2 − ν2B
FP (Q
2)GM (Q
2), (7b)
where νB ≡ Q2/(2M), GM (Q2) = FD (Q2) + FP (Q2),
and FD,P are the nucleon’s Dirac and Pauli form factors
(FFs). The second term on the rhs of Eq. (5) corresponds with
the dispersive integral over the inelastic states starting from
the inelastic threshold ν0, with x′ ≡ Q2/(2Mν′) as the first
argument of g1. The slashed integral here denotes the integra-
tion in the principal-value sense.
To derive the sum rules of Eq. (3), we look at a low-energy
expansion (LEX) of Si around ν = 0 and Q2 = 0, for fixed
x ∈ [0, 1]. By using the LEXs of the real and virtual Compton
amplitudes as detailed in [16], for the non-pole part of S1 we
obtain:
(S1 − Spole1 )(ν,Q2) = −
α
2M
κ2 +Mγ0 ν2 + MγLQ2.(8)
The well-known ν2 dependent term in Eq. (8) is proportional
to the forward spin polarizability γ0. The Q2 dependent term
is found hereby in terms of the quantities described around
Eq. (1):
γL =
α
6M2
κ2 〈r22〉 + γE1M2
− 3Mα[P ′(M1,M1)1(0) + P ′(L1,L1)1(0)]. (9)
The first term originates from the the difference between the
Born and pole amplitudes, which needs to be taken into ac-
count since the polarizabilities are conventionally defined to
affect the non-Born Compton amplitudes. Using,
FP (0) = κ, F ′P (0) = − 16 κ 〈r22〉, (10)
this difference results in the first terms on the rhs of Eqs. (8),
(9).
In the final step of the derivation, we expand the rhs of
Eq. (5) in the photon energy ν, and match the terms with the
same powers of ν2 and Q2 in Eq. (8). The ν2 independent
term atQ2 = 0, results in the celebrated GDH sum rule [3, 4],
relating the first moment of g1, defined in Eq. (2a), to the nu-
cleon’s anomalous magnetic moment as: I1(0) = −κ2/4. In
an analogous way, one obtains from matching the term pro-
portional to ν2 at Q2 = 0 the forward spin polarizability γ0
sum rule [5]. The sum rule of Eq. (3a) is obtained by taking
the derivative of Eq. (5), over Q2 at Q2 = 0, ν = 0, and using
Eqs. (2a), (8), and (9).
In the case of S2 it suffices to let Q2 = 0. The LEX of the
non-pole part, up to terms of O(ν4), yields:
ν(S2 − Spole2 )(ν, 0) = 12ακGM (0)−M2ν2
[
γ0 + γE1E1
−3Mα(P ′(M1,M1)1(0)− P ′(L1,L1)1(0))], (11)
where the first term on the rhs originates again from the dif-
ference between the Born and pole contributions. Expanding
now the DR in Eq. (6), at O(ν0) we obtain the Burkhardt-
Cottingham sum rule:
´ 1
0
dx g2 (x, Q
2) = 0, whereas at
O(ν2) we obtain the sum rule in Eq. (3b). In the latter step,
we employed the following relation [9]:
lim
Q2→0
16M2α
Q6
ˆ 1
0
dxx2 g2 (x, Q
2) = δLT − γ0. (12)
Coming to the empirical implications of the newly pro-
posed relations, Eq. (3), we focus on the proton, and ex-
press the poorly known quantities (here, the polarizabilities)
in terms of the better known quantities. The proton anomalous
magnetic moment is accurately known (we use κp ' 1.793),
while the Pauli radius can be expressed in terms of well-
known electric and magnetic radii:
〈r22〉 = 3/(2M2) +
(
1 + κ−1
)〈r2M 〉 − κ−1〈r2E〉
= 0.58(4) fm2 (13)
3DR DR Experiment
MAID2000 MAID2007
〈r22〉 [fm2] 0.58± 0.04
[17]
γE1M2 [10−4 fm4] −0.03 −0.11 −0.7± 1.2
[18] [9, 26] [19]
γE1E1 [10−4 fm4] −4.3 −4.3 −3.5± 1.2
[18] [9, 26] [19]
P ′(M1,M1)1(0) [GeV−5] −5.8 −4.7 −
[20] [20]
P ′(L1,L1)1(0) [GeV−5] 3.4 4.3 −
[20] [20]
I ′1(0) [GeV−2] 6.8 (SR) 4.0 (SR) 7.6± 2.5
[21]
δLT [10−4 fm4] 1.45 (SR) 1.51 (SR) 1.34 (MAID)
[8, 26]
TABLE I: Empirical verification of sum rules for the proton. First
two columns contain the polarizabilities obtained in the DR approach
with respectively MAID2000 [25] and MAID2007 [26] as input, and
the last two rows give the corresponding sum rule values, to be com-
pared with experiment in the last column.
where we have substituted the recent experimental values for
the proton electric and magnetic radii [17].
The polarizabilities receive in principle a pi0-pole contri-
bution. The following quantities entering our sum rules are
affected this way, see e.g. [9]:
γE1E1 = γE1M2 = αCpi/2, P
′(M1,M1)1(0) = Cpi/6M,
with Cpi = gA/(4pi2f2pim
2
pi). By inserting these values into
the sum rules, Eq. (3), one sees the pi0-pole contribution can-
cels out. We therefore focus on the non-pion-pole part of the
polarizabilities alone.
The non-pion-pole parts of the spin and generalized polar-
izabilities have been estimated phenomenologically using a
model based on unsubtracted DRs [9]. To indicate the un-
certainty due to the phenomenological input of the DR ap-
proach, we show in Table I the DR results obtained using
MAID2000 [25] and MAID2007 [26] as input. Combining
these values with the precise values for the proton anomalous
magnetic moment and Pauli radius, the sum rules in Eq. (3)
yield the predictions for I ′1(0) and δLT shown in the two bot-
tom rows of the table. These predictions compare rather favor-
ably with the available empirical information on these quanti-
ties seen in the last column.
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FIG. 1: Spin polarizabilities γE1M2 (left panel) and γE1E1 (right panel) versus the slope of the VCS GPs for the proton. The (brown) band
across the plot is the present sum rule constraint based on the empirical information for I ′1(0), 〈r22〉 and δLT , cf. Table I. The horizontal beige
band is the result of polarized RCS experiments [19]. The horizontal light-green band is the empirical extraction based on HBChPT [22]. The
horizontal purple band is ChPT prediction [23]. The vertical and horizontal blue bands are the DR evaluations for both the RCS and VCS
polarizabilities, cf. Table I.
Using only the empirical information for I ′(0) and δLT , the
sum rules provide a slanted band in the plots of γE1M2 and
γE1E1 versus the slopes of the GPs, displayed in Fig. 1. The
pioneering experimental values for the spin polarizabilities
obtained recently by the A2 Collaboration at MAMI [19], are
given in the table and shown by the broad horizontal (beige-
colored) band in the figures labeled ‘Martel et al’. The region
where the two bands overlap yields a prediction for the slopes
of the GPs. A measurement of GP slopes using VCS is re-
quired to verify this prediction.
The figures also show the horizontal bands obtained in two
variants of chiral perturbation theory (ChPT) — heavy-baryon
(HBChPT) [22] and covariant (BChPT) [23, 24]. The DR es-
timate of Pasquini et al. [9] for the RCS and VCS polarizabil-
ities, given in the table, is shown in Fig. 1 by respectively the
horizontal and vertical blue bands. Again, within the uncer-
tainties, the dispersive results are seen to be consistent with
the sum rule constraints: the vertical, horizontal blue bands
4and the slanted brown band have a common overlap. Further
ChPT calculations of GPs are needed to perform a similar con-
sistency cross check in ChPT.
In conclusion, we have presented two sum rules, Eq. (3),
which extend the celebrated Gerasimov-Drell-Hearn and
Burkhardt-Cottingham sum rules, respectively. The new sum
rules, involve low-energy electromagnetic properties which
are accessed in different experiments: the Pauli radius of the
target (e.g., nucleon), spin polarizabilities, and the slopes of
two of its four lowest order generalized polarizabilities. The
present empirical and phenomenological information on these
quantities for the proton is shown to be consistent with the
sum rules, albeit with large experimental uncertainties. New
experiments, ongoing at the MAMI, Jefferson Lab, and HIγS
facilities, will deliver a substantially improved input of the
quantities entering this sum rule, and thus provide a new
model independent constraint on the low-energy spin struc-
ture of the proton. It will also be interesting to examine the
sum rules in theory. They can cross check the consistency
of different variants of chiral perturbation theory, as all of the
involved quantities can in principle be calculated to a given or-
der in the chiral expansion. In a broader context, the sum rules
establish a fundamental relation between the low-momentum
transfer light absorption and scattering on a polarized spin-1/2
target.
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